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Abstract. We consider the basic problem of approximating Nash equilibria in noncooperative
games. For monotone games, we design continuous time flows which converge in an averaged sense
to Nash equilibria. We also study mean field equilibria, which arise in the large player limit of
symmetric noncooperative games. In this setting, we will additionally show that the approximation
of mean field equilibria is possible under a suitable monotonicity hypothesis.
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1. Introduction. We begin by recalling a noncooperative game in which players
labeled j =1,..., N each have finitely many choices. For definiteness, let us suppose
that each player selects an action among the first m natural numbers and that each
player is unaware of the others’ selections. If player i selects s; € {1,...,m} for
i1=1,...,N, player j’s cost is a number

fj(Sh. . .,SN).

Each player seeks to have as small a cost as possible. However, each player’s cost
depends on the other players’ actions.

This type of game leads naturally to the notion of a Nash equilibrium. This is an
N-tuple s =(sy,...,sy) for which

fi(s) < fits,s—5)

forallt;=1,...,mand j=1,...,N. Here we have written

(tjvs*j):(817~"7Sj717tj78j+17"'7s]\7)‘

Note in particular that no player can pay a smaller cost by making a unilateral change.
Simple examples can be found in which Nash equilibria do not exist. However, Nash
showed such equilibria exist if mixed strategies are allowed [35, 36].

For any m € N, we will denote the standard m-simplex as

m

A, = zERm:szO,szzl
j=1

A mized strategy for player ¢ is an element z; = (z;1,...,%im) € Ay, which corre-
sponds to player ¢ choosing action j € {1,...,m} with probability z; ;. If player ¢
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EVOLUTION OF MIXED STRATEGIES IN MONOTONE GAMES 2751

selects the mixed strategy z; € A,, for each i =1,..., N, player j’s expected cost is
defined to be

(1.1) Fi(z1,...,zon) = Z Z S)T15; TN ,sp-
s1=1 N=1

We'll also say x; € A, is a pure strategy if one of the entries of z; is equal to 1.
We can extend the definition of Nash equilibria given above to incorporate mixed
strategies as follows. A Nash equilibrium is an N-tuple & = (x1,...,2y) for which

Fj(z) < F(y;,2—5)

for each y; € A, and j=1,...,N. Here (y;,z_;) is defined analogously to (¢;,s_;)
above. As with Nash equilibria for pure strategies, no player can improve her expected
cost by deviating from her current choice. In this note, we will discuss the possibility
of approximating Nash equilibrium for this type and more general types of games.

1.1. Previous work. The existence of a Nash equilibrium for the game dis-
cussed above follows from an application of Brouwer’s fixed point theorem. Since
proofs of Brouwer’s fixed point theorem are nonconstructive, it seems unlikely that
there would be an easy way to approximate Nash equilibria in general. This problem
has been examined at length, and its complexity has been categorized as being equiv-
alent to finding a fixed point in the conclusion of Brouwer’s theorem [11, 14, 15]. In
particular, there is no known efficient algorithm for approximating Nash equilibria.

Nevertheless, there is one class of games in which approximation is at least theo-
retically feasible. These games are called monotone. In the context described above,
their expected cost functions Fi, ..., Fy satisfy

(1.2) Z(F]( Z [(25,y—5) + Fj(yj,2—5))

Jj=1 =1

for z,y € AN. For example, any two-player zero-sum game satisfies this monotonicity
condition (see Corollary 3.4 below). This condition additionally extends more gener-
ally to cost functions Fy,..., Fy which are not necessarily of the form (1.1), and it is
inspired by a uniqueness criterion discovered by Lasry and Lions when they initiated
the study of mean field games [32]. We also note that there have been several recent
studies on monotone games [3, 9, 19, 20, 26, 34, 38, 39, 40, 41, 42, 43].

In prior joint work [1], we argued that if the game is monotone, then for any
2% € AN there is a unique absolutely continuous path u:[0,00) — AN such that

{aj<t> + 0, Fy (u(t)) 30,

u;(0) =z}

(1.3)

for almost every t >0 and each j=1,...,N. Here

(1.4) 0z, Fj(x) = {ZER cFy(yj,x— )sz(x)+z~(yj—xj)f0rijAm},

and the dot “.” denotes the standard dot product on R™. In particular, the evolution
equation in (1.3) is equivalent to
(1.5) Fi(y;,u—;(t) = Fj(u(t)) —i;(t) - (y; — u;(t))

holding for all y € A,, and almost every ¢ > 0.
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We also considered the Cesaro mean of u,

Let us suppose for the moment that this mean converges to x as t — co. In view of
(1.2) and (1.3),

i=1 i=

:]1{ 1
s 2 glu(e) =i

for z € AN, Integrating from s =0 to s =t and dividing by ¢ gives

f: (Fi(z) _F (1 /Otui(s)ds,zi>> - ( i(ui(s)7zi)ds>
1
tJo

=1
(Fi(z) — Fi (ui(s),2-:)) ds

S~

N
1
> Z 5 (Jui () = 2 — |ug — z]?) .

Here we used that each F; is multilinear; recall the definition (1.1).
As u(t) € AY is bounded, we can send t — oo to find

N
Z (Fl(z) — Fi (.231‘, Z_i)) Z 0.
i=1
Choosing z = (y;,x—;) for y; € A,, would then lead to

Fi(y;,xz—;) — Fj(z) > 0.

That is, « is a Nash equilibrium. Of course it remains to be shown that the Cesaro
mean of u converges. This follows from a theorem due to Baillon and Brézis [2]. The
goal of this study is to identify a general setting in game theory for which we can
apply this result.

1.2. A general setting. In what follows, we will study a general version of the
noncooperative game detailed above. To this end, we will consider a separable Banach
space X with continuous dual space X* and write

() = (u, )

for p€ X* and x € X. Let us suppose Kji,..., Ky C X* are each nonempty, convex,
and weak* compact, and set

K=K x---x Kp.
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We will study collections of N functions Fi,...,Fy : K — R which are weak*
continuous and satisfy

(1.6) K;>vj— F;(v;,u_;) convex

for each p€ K and j=1,...,N. We'll say p € K is a Nash equilibrium of Fy,..., Fy
provided that

Fj(u) < Fj(vj,p—j)forall v; € Kj and j=1,...,N.

Later in this note, we will briefly recall how to justify the existence of a Nash equi-
librium.

The prototypical scenario of interest is when X = C(S) for a compact metric
space S and

Ki=-=Ky=P(S).

Here P(S) is the collection of Borel probability measures on S. We recall that X* is
isometrically isomorphic to M (S), the collection of Radon measures on S equipped
with the total variation norm. Moreover, P(S) C M (S) is convex and weak™ compact.
Note that if f;: SV — R is continuous, then

(17) Fy0) = [ (s (s0) - din (5x)

is weak* continuous on P(S)Y for j=1,...,N. Moreover, F; clearly satisfies (1.6).

These objects relate to game theory as follows. The set S represents an action
space for players 1,..., N in a noncooperative game. An element p; € P(S) constitutes
a mixed strategy for player j; that is, player j chooses from a given collection of
actions A C .S with probability p;(A). Of course, p; = d,, is a pure strategy: player j
always selects action s; € S. The value f;(s) represents player j’s cost if the players
collectively opt for action s = (s1,...,sn5) € S¥. And F;(u) indicates player j’s
expected cost if players 1,..., N respectively select the mixed strategies py,...,un.
Note than when S is finite, this example corresponds to the N-player noncooperative
game considered at the beginning of this note.

Let us return to the general setting involving the separable Banach space X. In
analogy with (1.4), we define

aﬂij(M): {xGX:Fj(yj,u_j) ZFj(M)‘F <Vj —uj,x> for Vj EKj}

for € K. Note that 0, F;(11) is not a subdifferential in the traditional sense as the
inequality in the definition is only required to hold for v; € K; rather than for all
v; € X*. Nevertheless, these subdifferentials are suitable for our purposes.

Observe that if there happens to be F;(u)/dp; € X such that

(1.8) i g (v = ) ng) = () _ <Vj . 5Fj(u)>
t—0+ t 5,LLj

for each v; € K, then
0F; ()

———= €0, F;i(u).
5#] 2% ](N)
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This is due to our convexity hypothesis (1.6). In the case X = C(T¢) and K; = P(T%),

a notion of differentiability based on the limit (1.8) has been used with success to study

master equations in mean field games (see Chapter 2 of [8] for a detailed discussion).
It is plain to see that u € K is a Nash equilibrium if and only if

0€0,,Fj(p) forall j=1,...,N.

In addition, we’ll say that Fi,..., Fy is monotone provided
N
(1.9) > uj = v —y;) =0

Jj=1

whenever xz; € 0, Fj(u) and y; € 0, Fj(v) for j = 1,...,N. We will also see in
Proposition 3.3 that the aforementioned type of monotonicity (1.2) is a special case
of the notion just introduced.

1.3. Approximation result. We aim to use a flow along the lines of (1.3) to
approximate Nash equilibria for Fi,..., Fly in the general setting outlined above. An
important detail in (1.3) that we made use of is the natural embedding

A, CR™.

Here R™ is a Hilbert space with the usual dot product. With this goal in mind, we
will employ

a centered, nondegenerate Gaussian measure 77 on X.

Recall that this means n is a Borel probability measure on X such that the push
forward of 1 by any nonzero element of X* is a centered, nondegenerate Gaussian
measure on R. It turns out that X* C L?(X,n), and we will see that the Hilbert
space

H = the closure of X* in L?(X,7)

will play the role of R™ with the dot product for the flow we present below.
Building on our experience with (1.5), we will consider a path ¢ : [0,00) — HY
that fulfills

(1.10) Fi(vj,6-5(1) > Fj(£(1) — (v — (1), &5(1))

for each v; € K, almost every ¢t > 0, and j = 1,...,N. Here (-,-) is the L*(X,n)
inner product. In Proposition 2.2 below, we will recall a continuous linear mapping
J : H — X which satisfies

(1:6) = (u, JC) for pe X* and (€ H.
As a result, (1.10) may be expressed as
(1.11) TE(t) + 0, Fy (€() 30

for almost every t >0 and each j=1,...,N.
In the following theorem, we will show that for a given initial condition £(0) = u°,
the initial value problem associated with (1.11) is well-posed and the Cesaro mean of
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& converges to a Nash equilibrium of Fy,..., Fy. The crucial hypothesis is that u°
belongs to the set

(1.12) D={p€ K :there is 0 € H" such that Jo; € 9, F;(u) for j=1,...,N}.

THEOREM 1.1. Suppose Fi,...,Fy satisfies (1.6) and (1.9) and that u° € D.
There is a unique Lipschitz continuous & : [0,00) — HYN with £(t) € D for each t >0
and

TE() + 0, Fi(E(t) 30 ace. t>0,
£;(0) = p9

for each j=1,...,N. Moreover,

% /Ot &(s)ds

converges weak* to a Nash equilibrium of Fy,...,Fn ast— 0.

We will also present a related approximation theorem for symmetric games. A
prototypical example occurs when Fi, ..., Fy is defined via (1.7) with

1
fz(S) =1\ sis N_-1 ZfssJ-
j#i
fori=1,..., N and some continuous f : SxP(S) — R. It turns out that Fi,..., Fy has
a symmetric Nash equilibrium (..., ") € P(S)N. Furthermore, when N — oo,
(u™)nen has a subsequence which converges weak™ to some p that satisfies

/ £, p)dp(s) < / F(s, p)du(s)
S S

for each v € P(S) (as explained in Chapter 4 of [31]). Such a p is called a mean field
equilibrium. Finding mean field equilibria is a basic problem in the theory of mean
field games [8, 10, 22, 31], and we will informally refer to this example as a static
mean field game. In Theorem 4.4 below, we will employ a simpler version of the flow
described in Theorem 1.1 to approximate symmetric and mean field equilibria.

Most approximation results for Nash equilibria which require some form of mono-
tonicity, such as the ones verified in [5, 7, 12, 13, 24, 30, 37, 45], involve discrete
time flows. The first study that used a continuous time flow to approximate Nash
equilibria in monotone games set in finite dimensions was initiated by Flam [18]. In
our prior work [1], we extended Flam’s work to Hilbert spaces and highlighted the
role of the Cesaro mean. The contribution of this paper is in verifying that theoretical
approximation can be obtained with a continuous time flow for monotone games set
in dual Banach spaces.

This paper is organized as follows. In section 2, we will recall some basic facts
about Gaussian measures. Next, we will discuss general N-player games in section 3
and prove Theorem 1.1. Then in section 4, we will show how to approximate equilibria
in symmetric and static mean field games provided that the appropriate monotonicity
hypothesis is in place. In the appendix, we will show how our general theory reduces
to the type of game discussed at the beginning of this introduction and work out an
explicit example to illustrate why we can’t expect to have better than convergence in
the sense of the Cesaro mean.
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2. Preliminaries. As in the introduction, we will suppose X is a separable Ba-
nach space over R with norm ||-|| and denote the space of continuous linear functionals
pw:X —Ras X*. We will also express the dual norm as

el = sup{lp(@)] « fl]| <1}

Note that since X is separable, the weak™* topology on X* is metrizable. In particular,
pF — 1 weak* whenever pf(x) — u(z) for all z € X. It will also be important for us
to recall that the closed unit ball {y € X* :||p||« <1} is weak* compact by Alaoglu’s
theorem. That is, dual norm bounded sequences have weak* convergent subsequences.

2.1. Gaussian measures. We will assume throughout that 7 is a centered,
nondegenerate Gaussian measure on X. Namely, for each p € X*\ {0}, there is ¢ >0
such that

(2.1) /X o(u(a))dn(z) = / 9(y) Sy

R V2mq

for all bounded and continuous g : R — R. Below we will recall some basic properties
of Gaussian measures for the purposes of this paper, which can be found in [4, 16, 23].
We'll write (u,v) for the inner product between p and v in L?(X,n) and

tll 2 = (e, o).

It is known that 7 has a finite second moment

/ |2 dn(z) < oo.
X

Note that if p€ X* and x € X, |u(z)] < ||pll«|lx]. It follows that

1/2
lallze < Dl ( /. ||33||2d77(33)> .

Therefore, X* C L?(X,n).

As in the introduction, we denote H as the closure of X* in the L?(X,7) norm.
We can think of H as linear functionals on X which are merely square integrable with
respect to 1. With this choice of Hilbert space H,

X*CH

is a dense subspace. Moreover, this embedding is compact.

It is evident from (2.1) that (u,p) > 0 for each p € X*\ {0}. Therefore, if
11, e € X* are equal to 17 almost everywhere, they must agree everywhere on X. The
following lemma is a consequence of this observation.

LEMMA 2.1. Suppose (u*)ren is a bounded sequence in X* which converges weakly
in H to & Then (pu*)ren converges weak*, and its limit agrees n almost everywhere
with &.

Proof. Choose a subsequence (1*7);en which converges weak* to some p € X*.
Note that for a given ( € H,

| (2)¢(@)] < el|= ][ ())]
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for some ¢ independent of k € N and x € X. Observe that the right-hand side above
is in L'(X,7n). Dominated convergence implies

lim [ (@)¢()dn(x) = /X ()C()d ().

j—oo Jx

It follows that (u*i)jen converges weakly to p in H. As a result, g = & almost
everywhere. If (1*)ren has another weak™ subsequential limit fi, then u(z) = fi(x)
for n almost # € X. Therefore, i = fi and (u*)ren converges to p since this limit is
independent of the subsequence. ]

2.2. The mapping J. We now consider the linear mapping J : H — X defined
by the formula

(2.2) Je= /X 2 ()dn(z).

Observe that this Bochner integral is a well-defined element of X. Indeed, since &
is the L?(X,n) limit of a sequence of continuous functions and since X is separable,
the mapping x +— x£(x) from X into X is strongly measurable; this can be seen as a
consequence of Pettis’s theorem (Chapter V section 4 of [44]). Moreover, x — ||x&(z)]|
is clearly in L'(X, p).

A basic assertion regarding J is as follows.

PROPOSITION 2.2. (i) For p€ X* and £ € H,

(2.3) (b, TE) = (1, ).

(if) J : H— X is continuous and injective.

Proof. (i) As J¢ is the Bochner integral (2.2),
8 =(n. [ at@in)) = [ @)
(ii) Since

1/2
17¢l < ( /. xn%zn(w)) lelze

for £ € H, J is bounded. And if 7§ =0¢€ X, then (u,&) =0 for each u € X*. Since
X* is dense in H, (u,£) =0 for each p€ H. That is, {=0€ H. d

2.3. An initial value problem. We will now briefly recall a few technical
assertions needed to proved Theorem 1.1. For simplicity, we will state these claims
for the Hilbert space H we introduced above; however, they are valid for any Hilbert
space. A mapping B: H — 2 is monotone provided

(f_C7M_V)20

for each £ € By and ¢ € Br. Moreover, we will say that B is mazimally monotone if
the only monotone C : H — 2% with By C Cp for all u is B itself. Minty’s lemma
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[33] asserts that B is maximally monotone if and only if for each o € H, there is p for
which

o€+ Bp.

The following theorem is a consequence of the seminal works by Kato [27, 28] and
Komura [29]. We also note that a more general statement is proved in Theorem 3.1
of the monograph by Brézis [6].

THEOREM 2.3 (Kato-Komura theorem). Assume that B is mazimally monotone
with BC® # (0. There exists a unique Lipschitz continuous ¢ : [0,00) — H which
satisfies

(2.4) {C(t) + B¢(t)>0  for a.e t>0,

¢(0)=¢°
and BC(t) £ 0 for all t > 0.

Any p € H for which 0 € By is an equilibrium for B. It turns out that a solution
of the initial value problem can be used to approximate equilibria of B provided of
course that B has equilibria. The subsequent theorem was proved by Baillon and
Brézis [2].

THEOREM 2.4 (Baillon—Brézis theorem). Suppose that B is mazimally monotone,
B has an equilibrium, and ¢ is a solution of the initial value problem (2.4). The limit

1 t
! [
exists weakly in H and is an equilibrium for B.

3. N-player games. The primary goal of this section is to prove Theorem 1.1.

To this end, we will suppose Ki,..., Ky are each nonempty, convex, and compact
subsets of X* and set K = K; x --- x K. In addition, we will assume F;: K — R is
weak™ continuous and that v; — F}; (v, u—;) is convex for each p€ K and j=1,...,N.

First let us recall that a Nash equilibrium exists.
ProrosiTION 3.1. FY,...,Fn has a Nash equilibrium.

Proof. By our assumptions, the mapping from K into 2%

N
K 3 p+— argmin ZFj(Vj,u,j) veK
j=1

has nonempty and convex images. Moreover, the graph of this mapping is closed. It
follows from the Kakutani-Fan—Glicksberg theorem that there is a fixed point

N
W € argmin ZFj(vaV—j) weK y,
j=1
which is also a Nash equilibrium of Fi,..., Fy. ]

Remark 3.2. Kakutani [25] extended Brouwer’s fixed point theorem to set-valued
mappings. Fan [17] and Glicksberg [21] independently generalized Kakutani’s fixed
point theorem [25] to locally convex spaces.
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3.1. Monotonicity of Fy,...,Fn. Recall that F,..., Fy is monotone pro-
vided (1.9) holds. There is also a simple sufficient condition for monotonicity as
detailed in the proposition below.

PRrROPOSITION 3.3. Suppose, for each p,v e K,

N

(3.1) Z(FJ( Z (Vi b—g) + Fj(pg,v—j))-
j=1 =1

Then Fy,...,Fy is monotone.

Proof. Suppose x; € 9, Fj(1) and y; € 9, Fj(v). Then

(v, p—j) = Fi(p) + (vj — pj, ;)

and

Fj(pj,v—;) 2 F;(v) + (s — v5,55)
for j=1,...,N. Adding these inequalities yields
N N
Z(F vy, u—j) + Fj(pg,v—5)) Z j(V))*ZQUj*Vijj*yﬂ-
j=1 j=1 j=1

Using (3.1) gives

N
D Ay — vy —y;) > 0. 0
j=1

COROLLARY 3.4. If N =2 and Fy; + F, =0, then F|, F5 is monotone. That is,
two-person zero-sum games are monotone.

Proof. For p,ve K,

2
Z(FJ (1) +

=1 =1

'Mw

2

Fi(p)+ Y Fi(v)=0+0=0,
j=1

and

Z(Fj(Vj’M—j) + Fj(pg,v—j))
= (Fi(v1,p2) + Fi(pi,v2)) + (Fo(p, v2) + Fa(vi, pa))
= (Fi(v1, p2) + Fa(vi, po)) + (F1(p1,v2)) + Fa(pa, v2))
—0+0

=0. 0

We also note that monotonicity can be verified somewhat more easily in the model
case.

PROPOSITION 3.5. Suppose S is a compact metric space and f; : SN 5 R s
continuous, and set

Fy(teeeeoin) = [ F(5)ds(50) - ()
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for ue P(S)N and j=1,...,N. Then Fy,...,Fy satisfies (3.1) if and only if

N

N
(3.2) S (Fil) + £0) =D (Fi(sint—j) + filtss-5)
j=1

j=1
for all s,t € SN,

Proof. Suppose (3.1) holds and s,t € SN. If we select pu; = s, and v; = 0y,
for j = 1,...,N, then (3.1) is the same inequality as (3.2). Alternatively, suppose
(3. 2) holds and p,v € P(S)N. Integrating this inequality against du;(s;)dv;(t;) for
j= ., N leads to (3.1). o

3.2. Flow of mixed strategies. As previously mentioned, the closure of X*
in L?(X,n) is a Hilbert space H with inner product (-,-). We also will employ the
linear mapping J : H — X defined in (2.2) and suppose for the rest of this section
that Fp,..., Fy is monotone.

We will now consider the problem of finding a solution ¢ : [0,00) — HY of the
initial value problem

(3.3) {jéj(t) +0,,F;(£(t) 20 ae. t>0,

£;(0) = pf

for a given pu® € K. Here HV is the N-fold product of H endowed with the inner
product

N
Z 155 V5)-

Jj=1

In order to verify the existence of a solution, we will define a mapping A: HY — oH™
via

Ao ST OWF () % x T (O Fy (1), p€D,
e néD,

for € HY. Here we recall that D is defined in (1.12) and emphasize that o € Ay if
and only if 4 € K and Jo; € 9, F;(p) for j=1,...,N.
We will first show that A is maximally monotone.

LEMMA 3.6. A is mazimally monotone.

Proof. Suppose o € Ap and 6 € Aji. Then
N
(=0 =)=y (15— figs05 = 55) = > (= fizs T o5 = J5;) 20
j=1 j=1

as F,..., Fy is monotone. Thus, A is monotone.

In order to show that A is maximal, we will appeal to Minty’s lemma. That is,
it suffices to show for each o € H" that there is u € K with u+ Au > o. This is the
case provided

T (g —05) +0u; Fi(pn) 20
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for j=1,...,N. Furthermore, p is the desired solution if and only if u € ®(u), where
®: K — 2K is defined as

N
®(p) := argmin ZV], —0j))+Fij(vj,p—;):veK

for each pe K.
Note that

N
K9VH§:WwJW¢—@»+FxWMﬁ)

J=1

is weak™® continuous for each p € K. Since K is weak* compact, this function has a
minimum. And as this function is convex, its set of minima is convex. Thus, ®(u)

is nonempty and convex. The continuity of Fi,...,Fy and of J also implies that
the graph of ® is closed. Therefore, there is u € K such that g € ®(u) by the
Kakutani-Fan—Glicksberg theorem [17, 21]. O

We can now verify that the initial value problem (3.3) has a solution whose Cesaro
mean converges to a Nash equilibrium.

Proof of Theorem 1.1. We’ve established that A is maximally monotone, and our
hypothesis on u° is that Au® # (). The Kato-Komura theorem then implies that there
is a unique Lipschitz continuous solution ¢ : [0,00) — H of the equation

E(t)+ AL() 50 ae. t>0,
£(0) = p°.
Moreover, A£(t) # 0 for each t > 0. Tt follows that £(¢) € D for ¢ >0 and that

TE () + 0, Fj(€(1) 30 ace. £>0,

for j =1,...,N. Consequently, ¢ is a solution of the initial value problem (3.3) as

claimed. The limit
_tli>nolo t / &

exists weakly in H by the Baillon—Brézis theorem for each j = 1,...,N and is an
equilibrium of A. Therefore, u is a Nash equilibrium of Fy,..., Fiy. By Lemma 2.1,
this limit also exists weak*. |
4. Symmetric games. Suppose now that K = Ky =--- = Ky C X* is weak*
compact, Fi,...,Fn: KV — R is continuous, and K > vj— Fj(vj,p—;) is convex for
each p€ KN and j=1,...,N. We will say that F,..., Fy is symmetric provided

Filty ooty ooospt) = Fi(p, ooy vy .00y )

v is in the ith argument of F; v is in the jth argument of F}

forall 2,7 =1,...,N and all u,v € K. With these assumptions, it can be shown that
Fy,...,Fy has a symmetric Nash equilibrium (p,...,u) € K¥. As we only need to
find p € K such that

Fi(p, ..., ) <Fi(v,p,...,n) forall peK,
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we can employ a simpler approximation method than discussed above.
The theorem we present below will also apply to mean field equilibria, which we
recall are p € P(S) that satisfy

/ F(s, m)dpu(s) < / F(s, w)du(s)
S S

for each v € P(S). For static mean field games, we’ll always assume S is a compact
metric space and f:.S x P(S) — R is continuous; here S x P(S) is endowed with the
product topology from the metric on S and the weak* topology on P(S). The key
monotonicity condition that will be needed is

(4.1) /S (F(s 1) — (5 9))d(ps — v)(s) > 0

for p,v € P(S). This condition was introduced by Lasry and Lions in their seminal
work on mean field games as a way to establish uniqueness of mean field equilibria
[32]. In particular, if (4.1) holds strictly for p # v, there can be at most one mean
field equilibrium.

In order to address both scenarios, we will consider a weak® continuous G : K x
K — R such that

K > v~ G(p,v) is convex for each p € K.
We'll also say p € K is an equilibrium for G provided
G(p,p) <G(p,v)
for all v € K. Moreover, u is an equilibrium if and only if 0 € 9, G(u, ). Here
0,G(p,p)={r e X :G(u,v) > G(u,n) + (v — p,x) for ve K}.

One checks that an equilibrium for G is a fixed point of the mapping from K into
2% given by

K>ow—argmin{G(o,v):ve K}.

Furthermore, the proof Proposition 3.1 can be adapted to conclude that an equilibrium
exists. We leave the details to the reader.

4.1. Monotonicity of G. We will say that G is monotone provided
(H—v,z—y)>0

whenever x € 9,G(u,n) and y € 9,G(v,v). As in the case of N-player games, it
sometimes is useful to identify a simple sufficient condition for monotonicity. The
following lemma can be justified similarly to Proposition 3.3.

LEMMA 4.1. Suppose

G(pyp) + G(v,v) > G(p,v) + G(v, p)

for all u,v e K. Then G is monotone.
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Ezample 4.2. One of the model cases occurs when Fy, ..., Fiy is symmetric. Here
the relevant G function is

G(p,v)=Fi(v,pby ..., 1)

for pu,v € K. We note that if the collection Fi,..., Fy is additionally monotone, then
G is monotone. Using Lemma 4.1, it is also possible to show that a sufficient condition
for the monotonicity of G is

Fl(/l,..,,M)+F1(1/,...,V)2F1(l&/i,...,,d)+F1(M,V7...,1/)
for p,ve K.

Ezample 4.3. Let us also briefly consider the case of a static mean field game

f:SxP(S)—R. Here

Glv) = /S f(s.m)di(s) (v e P(S))

is monotone provided (4.1) holds. One example is f(s,u) = ¢(s) for a continuous
¢ : S — R. Another example is

F(s.) = /S k(s )du(t)

for a continuous, symmetric, and nonnegative definite kernel k: S x S — R. That is,
for any s1,...,sy €S and ¢q,...,cy €R,

N
Z k(sz, Sj)Cq;Cj Z O

i,j=1
It is easy to check that these assumptions imply that f satisfies (4.1).

4.2. Another flow of mixed strategies. For the remainder of this section, we
will suppose G is monotone. We will show how to approximate an equilibrium for G.
For a given 1 € K, we consider the following initial value problem: find an absolutely
continuous ( : [0,00) — H such that

TC() +0,G(C(1),¢(1) 20 ae. t>0,
€(0) = p".

In order to establish the existence of a solution, we will introduce the operator
B:H — 2" defined by

(4.2)

By~ )T 0.G(p), pec,
. nec.

Here

C= {/16 K :there is 0 € H with JaE@,,G(u,u)}.
We note that o € By if and only if p € K and Jo € 0,G(u, p).

We can apply Minty’s lemma and the Kakutani—Fan—Glicksberg theorem as we
did in Lemma 3.6 to conclude that B is maximally monotone. Furthermore, we
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can apply The Kato—Komura and Baillon—Brézis theorems to establish the following
theorem as we did in our proof of Theorem 1.1. Again, we leave the details to the
reader.

THEOREM 4.4. Suppose p° € C. There is a unique Lipschitz continuous ( :
[0,00) = H with ((t) € C for all t >0 that satisfies (4.2). Furthermore,

+/ (s

converges weak™* to an equilibrium of G as t — oco.

Example 4.5. Suppose Fi,..., Fy is monotone and symmetric. In order to ap-
proximate a symmetric Nash equilibrium, we can use a solution ( : [0,00) = H of

T 4 0, FL(C(E),...,C(£) 20 ae. t>0,
¢(0) = p°.

According to Theorem 4.4, there is a solution whose Cesaro mean converges weak™ to
a symmetric Nash equilibrium p provided that

Jo €0, Fy(1°,...,u°)

for some o € H.

Ezxample 4.6. Let us consider a static mean field game f: S x P(S) — R such that
(4.1) holds. By Theorem 4.4, there is a Lipschitz path ¢ : [0,00) — H which satisfies

/S (FE@ + FC.C0)) dly — ()20 for ac. £20 and all € P(S),
€(0) = p°,

and ((t) € P(S) for all t > 0 provided that there is 0 € H with Jo € 9,G(u°, u°).
That is,

/S(—JU+ FCu"))d(v—p) >0 for all v € P(S).

Moreover, the Cesaro mean of ¢ converges weak™ to a mean field equilibrium as ¢ — co.

5. Summary. Nash equilibria in N-player noncooperative games have proved
to be quite difficult to approximate. In this note, we proposed a continuous time
method to approximate these points under the hypothesis that the game is monotone.
Our method involves a continuous flow in the space of mixed strategies and applies
to games in which mixed strategies are selected from a dual Banach space. The
prototypical space of mixed strategies is the collection of probability measures on a
compact metric space.

Our method has two key theoretical components. First, we used a Gaussian mea-
sure to embed our space of mixed strategies into a Hilbert space. Then we employed
the monotonicity of the game to apply existence and convergence results from theory
of semigroups generated by a maximally monotone operator on a Hilbert space. Our
main result is that for appropriately chosen initial conditions, the Cesaro mean of
solutions to our flow will converge to a Nash equilibrium. In addition, we showed how
our results extend to equilibria in symmetric N-player games in the limit as N — oo.
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The Gaussian measure we utilized is a reference measure which is fixed throughout
this work. It would be really interesting to deduce whether or not we can choose this
measure to influence the approximation method. It would also be of interest to further
develop and apply these ideas to approximate other types of equilibria in game theory
such as those which arise in the theory of mean field games.

Appendix A. Finite action sets. We will consider a particular Gaussian
measure on X = C(S) with

S = {51, NN ,Sm}.
These considerations will be used to show how our general theory applies to games
with finite action sets. In particular, we will informally argue below that the abstract
flows considered in this paper reduce to much simpler flows on finite dimensional
spaces.
To this end, it will be convenient to define ey,... e, :.5 — R via

ej(si)=0;; fori,j=1,...,m.

This allows us to represent each f € C(S) and p€ M(S) as
F=D f(sj)e; and =3 pu(e;)d,.
j=1 j=1
These representations can be used to verify that C(S) is isometrically isomorphic

to R™ endowed with the co-norm and that M (S) is isometrically isomorphic to R™
endowed with the 1-norm. It is also plain to see that p € P(S) if and only if

(uer), ..., pulem)) € Ap,.

We will consider the Borel probability measure v on C(S) defined as

o 1 L2
hd’y:/ h zie; | ———e 2117 dg
/C"(S) m ]; 77 (27T)m/2

for continuous and bounded h: C(S) — R.

PROPOSITION A.l. v is a Gaussian measure. Moreover,

(A1) (mv) =Y nle;)r(es)

j=1

for u,v e M(S), and

(A.2) Jv= Zu(ej)ej
j=1

forve M(S).
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Proof. Suppose g : R — R is bounded and continuous and ¢ = (¢1,...,¢n) €
R™\ {0}. Observe that

- = 1 o
g| D e, dv=/ 9| > cir; | ——mge 2 d
/C(S) J=1 / RrR™ = 7 (27r)m/2

1 102
— . -zl
/mg(c z) (27r)m/26 o de
1 10,2
- -3l
_/ngqc‘xl) (27T)m/2e : dx

1 1,2
:/Rg(|c|m1) We 2%1dx,

1 — Loy
= _— 2|el d .
/Rg(y) (27'(')1/2‘C|e y

Thus, v is a Gaussian measure. Also note that

()= Y wlewle)) [ dudidy
ig=1 c(s)
m —3el?
e 2
— Z M(ei)u(ej)/m -’137;33]'7(271_)1”/2 dz
3,j=1
= > ples)v(e;)di;
i,j=1
= uleviey).
j=1
This verifies (A.1). Formula (A.2) follows from (A.1) and the identity (2.3). d
Finite action spaces for N-player games. Suppose Fj : PS)N — R is
continuous and that v; — F};(v;,—;) is convex for each u € P(S)N and j=1,...,N.
We wish to express the system
(A.3) TE(t) + 0, Fy (€() 30

(j=1,...,N) more concretely. With this goal in mind, we set

m m
gj(l‘l,. .. ,xN) = Fj lejkésk,.. .,mekésk
k=1 k=1

for z; = (®i1,....Tim) € Ay, and i =1,..., N. We note that g; is continuous and
that y; — g;(y;,7—;) is convex for each z € AN and j=1,...,N.

m

It is not hard to see that if pu; = 2211 % k0s, for x; € Apy and i=1,..., N, then

N
sz,kek € 0y, Fj(p) if and only if z; € 05, 9;(x).
k=1

It follows that the system (A.3) is equivalent to

U (t) + Oz;95(u(t)) 20
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(j=1,...,N) for u:[0,00) = AN. That is,

&)= ujk(t)ds,
k=1

would solve (A.3) and vice versa. We finally note that the collection Fi,..., Fx is
monotone if and only if

>z —ys) - (2 —w;) >0

N
j=1

whenever z; € 9, 9;(r) and w; € 0;,9;(y) for j=1,...,N.
Finite action spaces in static mean field games. If f: S x P(S) = R is
continuous, then

gj(z):=f (8;',2%55,;) (xeA,)
i=1

is continuous for each j =1,...,m. We aim to reinterpret the condition
(A.4) (g8 .cw)) dv=can =0 torvep(s)
in terms of g1,...,gm.

Observe that if

V= zmjlyjcssj and ((t) = in:luj (t)ds;,
then j -
[ (604 76,609 atr =600 = 3-ta0) + 95 w0~ 50
 (0lt) + ou(0) - (= u(t)
Here we have written g = (g1,.. ., gm). As a result,

(u(t) +g(u(t))) - (y —u(t)) 20 for y € Ay,
In particular, this evolution is equivalent to (A.4). Finally, we note that f is monotone
in the sense of (4.1) if and only if
(9(z) —9(¥)) - (x—y) 20
for x,y € A,

Appendix B. An explicit example. We will work out an example which
suggests Cesaro mean convergence is the best one may expect from the type of flows
considered in this article. Let us assume that N =2 and the cost functions are

Fi(z1,22) =321102,1 + 21,9221 + 421 222 2,
Fy(xq,20) = =3x11021 — T1,222,1 — 421,222 2
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for @; = (x41,2:2) € Ag, for i = 1,2. Note this is a zero-sum game and Ay C R?,
where R? is equipped with the standard dot product. It is not hard to check that the
unique Nash equilibrium for F, Fy is the pair

((1/2,1/2),(2/3,1/3)) € A3.
Evolution inequalities. The corresponding flow (1.3) takes the form
( . al,l(t) +3U271(t) ) . ( 21,1 7U171(t) ) >0
ul,g(t) + ’U,le(t) + 4U2’2(t) 212 — ul’z(t) -
and

U2,1(t) — 3ura(t) —uia(t) \ [ 221 —u2:1(t) S
( ) ( )2t

Uz 2(t) — 4uy 2(t) Z2,.2 — ugo(t)

for almost every ¢ > 0 and each z1, 20 € Ay. The unknown is an absolutely continuous
path u:[0,00) = A%, where u(t) = (u1(t),ua(t)).
If we put

v1(t) =u1,1(2), v2(t) =u2,1(t), w1 =211, and we = 221,

we can re-express the above inequalities as

01 (t) + 3v2(t) . wi —vi(t) = (20 va(t) —4) (w1 —v1
(ot 250 ey ) (080 ) = @i+ - =) 20

and

@g(t)f?)vl(t)f(lfvl(t)) ) wzfvz(t) — (2% — 6w Wo — vs
( Zin(t) — A(1 — 01 (1)) ) ( (w2 — 2(1)) )‘(2 2(1) 3= 6u1(1)) (w2 —v2(1)) 2 0.

Therefore, our initial value problem is equivalent to finding an absolutely continuous
pair vy, vy : [0,00) — [0, 1] which satisfies

(Bl) (’U1 (t) + 31)2(t) - 2)(’11}1 — U1 (t)) Z 0,
(’f)z(t) + 3/2 - 3v1(t))(w2 - ’l}g(t)) 2 0

for each wy,ws € [0,1] and given initial conditions
(B.2) v1(0)=vY€[0,1] and wv2(0) =) € [0,1].

Solution which parametrizes a circle. Observe that the solution of the system
of ODEs

’l.}l(t) + 3U2(t> —2=0and ’l)g(t) + 3/2 — 3U1(t) =0
subject to the initial conditions (B.2) is

(B.3) v1(t) = (v — 1/2) cos(3t) + (2/3 — 1) sin(3t) +1/2,
) va(t) = (v9 — 2/3) cos(3t) + (v — 1/2) sin(3t) + 2/3.

In particular, this solution parametrizes the circle

(01 = 1/2)* + (v2 = 2/3)* = (o} — 1/2)* + (v3 — 2/3)?
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counterclockwise in the vyvy plane. It is easily checked that if
(B.4) (v —1/2)* + (vg —2/3)* < (1/3)%,

then vy (t),v2(t) € [0,1] for all £ > 0. In this case, the circular path (B.3) solves (B.1)
and (B.2).

Convergence. Observe that since the path (B.3) lies on a circle centered at
(1/2,2/3), it will not converge to the circle’s center as t — oco. However, it’s plain to
see that

I 1t(d—1 4 1 [ Jds = 2
Am g vils)ds =5 and - lim 2 [ va(s)ds = 3.

As a result, when (B.4) holds, the solution of (B.1) does not converge to the Nash
equilibrium of Fi, Fs, but its Cesaro mean does.
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