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1. Introduction
The story of the Hamilton-Jacobi equation begins in clas-
sical mechanics as developed in the 19th century. A basic
problem within this theory is to describe the motion of a
particle with mass 𝑚 subject to a force 𝐹 depending on its
position. If this particle happens to be moving along the
𝑥-axis, Newton’s second law takes the form

𝑚 ̈𝛾(𝑠) = 𝐹(𝛾(𝑠)). (1)

Here 𝑠 denotes time, 𝑥 = 𝛾(𝑠) is the position of the parti-
cle at time 𝑠, and ⋅ is differentiation with respect to time.
Observe that in order to determine the trajectory of the par-
ticle, we are left to solve a differential equation for given
initial conditions 𝛾(0) and ̇𝛾(0).

An interesting thing happens when we select a potential
energy function 𝑉 for which

𝐹 = −𝑉 ′.
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Figure 1. The position 𝑥 = 𝛾(𝑠) of a point mass 𝑚 versus time
on the interval 𝑠 ∈ [0, 𝑡]. This particle moves along the 𝑥-axis
and is subject to a force 𝐹. We can find 𝛾 by solving the
differential equation (1).

This choice allows us to derive the differential equation (1)
through a least action principle. Indeed wemay consider the
action integral

𝒮𝑡(𝜁) ∶= ∫
𝑡

0

𝑚
2

̇𝜁(𝑠)2 − 𝑉(𝜁(𝑠))𝑑𝑠 (2)
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for a given path 𝜁 ∶ [0, 𝑡] → ℝ; here and throughout, all
paths are assumed to be absolutely continuous. If there is
a path 𝛾 such that

𝒮𝑡(𝛾) ≤ 𝒮𝑡(𝜁)
for each path 𝜁 with 𝜁(𝑡) = 𝛾(𝑡), then 𝛾 solves the Newton’s
second law differential equation

𝑚 ̈𝛾(𝑠) = −𝑉 ′(𝛾(𝑠))
for 𝑠 ∈ (0, 𝑡) along with

̇𝛾(0) = 0.
Therefore, action-minimizing paths are natural candidates
to describe the motion of a particle with mass𝑚 subject to
a force −𝑉 ′.

x = ζ(s)

s

x

t

x = γ(s)

Figure 2. Various trajectories 𝜁 ∶ [0, 𝑡] → ℝ with the same right
endpoint as 𝛾 indicated with the gray dot. All of these
trajectories are candidates to minimize the action 𝒮𝑡 subject to
this right endpoint constraint.

The action integral 𝒮𝑡 is also known to satisfy a partial
differential equation (PDE). Assume that for each 𝑥 ∈ ℝ
and 𝑡 > 0,

𝛾𝑥,𝑡 ∶ [0, 𝑡] → ℝ
is a path which minimizes 𝒮𝑡(𝜁) among all paths 𝜁 which
fulfill the right endpoint constraint 𝜁(𝑡) = 𝑥. Further sup-
pose that when the action integral is evaluated along 𝛾𝑥,𝑡,

𝑢(𝑥, 𝑡) = 𝒮𝑡(𝛾𝑥,𝑡),
it is a smooth function. Then direct computation (as ex-
plained in lecture 19 of [Jac84]) shows that 𝑢 solves what
is now known as a Hamilton-Jacobi equation

𝜕𝑡𝑢 +
1
2𝑚(𝜕𝑥𝑢)2 + 𝑉(𝑥) = 0. (3)

Here 𝜕𝑡𝑢 and 𝜕𝑥𝑢 denote partial differentiation with re-
spect to 𝑡 and 𝑥, respectively.

In this article, we will examine some of the mathemat-
ical developments concerning Hamilton-Jacobi equations
since the mid-20th century. This includes the advent of

viscosity solutions, which gives us a way to interpret how
functions like 𝑢 defined above generally solve Hamilton-
Jacobi equations. Another key idea we will discuss is the
dynamic programming principle from control theory. In
addition, we will present research directions involving in-
teracting systems of particles and noncooperative differen-
tial games which aim to further expand what we know
about Hamilton-Jacobi type equations.

2. Modeling Applications
Before studying the particular equation (3), wewill discuss
various optimization problems in which Hamilton-Jacobi
equations arise. We will not analyze each of the resulting
equations separately nor present a theory which encom-
passes them all. However, the ideas that we will subse-
quently introduce for equation (3) can be adapted to all of
these equations. The purpose of this section is to give some
perspective on the applicability of these concepts. We also
note that some of the PDEs in the examples below are typi-
cally called Hamilton-Jacobi-Bellman equations, as they can
be derived with Bellman’s dynamic programming method
which we will discuss later in this article.
2.1. Escape of a light ray. Let us first consider a two-
dimensional light ray passing through an inhomogeneous
medium. We will represent the medium by a bounded
open subset 𝑈 of the 𝑥𝑦-plane and the light ray by a path

𝛾 ∶ [0, 𝜏] → 𝑈; 𝑡 ↦ (𝛾𝑥(𝑡), 𝛾𝑦(𝑡)).

We will also assume that at each point (𝑥, 𝑦) in 𝑈, the in-
homogeneity of the medium constrains the speed of light
to be no more than 𝑐(𝑥, 𝑦) for a given positive function 𝑐.

Figure 3. A planar domain 𝑈 which represents an
inhomogeneous medium. The dashed curves display
possible light ray paths 𝜁 ∶ [0, 𝜏𝜁] → 𝑈 emanating from a
common point 𝜁(0) = (𝑥, 𝑦) in 𝑈. Fermat’s principle tells us
that light ray paths 𝛾 are among those which minimize their
exit time 𝜏𝛾 from 𝑈.

1458 NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY VOLUME 68, NUMBER 9



For any path 𝜁 ∶ [0,∞) → ℝ2 with 𝜁(0) in 𝑈, we define

𝜏𝜁 ∶= min{𝑡 ≥ 0 ∶ 𝜁(𝑡) ∉ 𝑈}
as the first time that 𝜁 exits 𝑈 and 𝜏𝜁 = ∞ if no such time
exists. According to Fermat’s principle, a ray of light as-
sumes a path which takes the least amount of time to exit
this region. As a result we will try to find a path 𝜁 which
satisfies the speed constraint

| ̇𝜁(𝑡)| ∶= √( ̇𝜁𝑥(𝑡))2 + ( ̇𝜁𝑦(𝑡))2 ≤ 𝑐(𝜁(𝑡))
and minimizes 𝜏𝜁. To this end, we consider

𝑢(𝑥, 𝑦) = min {𝜏𝜁 ∶ 𝜁(0) = (𝑥, 𝑦), | ̇𝜁(𝑡)| ≤ 𝑐(𝜁(𝑡))}
for (𝑥, 𝑦) in 𝑈.

It turns out that 𝑢 can be interpreted as a solution of the
eikonal equation

𝑐(𝑥, 𝑦)√(𝜕𝑥𝑢)2 + (𝜕𝑦𝑢)2 = 1.

This PDE may be the first Hamilton-Jacobi equation ever
written down [Ham28]. An important example occurs
when

𝑐(𝑥, 𝑦) = 1 for all (𝑥, 𝑦) in 𝑈.
This corresponds to a homogeneousmedium. Here 𝑢(𝑥, 𝑦)
is simply the distance from (𝑥, 𝑦) to the boundary of 𝑈.
In particular, the distance to the boundary function is a
solution of the PDE

√(𝜕𝑥𝑢)2 + (𝜕𝑦𝑢)2 = 1.

We recommend [BCD97] and [Tra21] for more on the
eikonal and other Hamilton-Jacobi equations.

T

x

s

x = z(s)

Figure 4. A graph 𝑥 = 𝑧(𝑠) of the amount of a commodity
produced by a hypothetical factory. The boxes represent a
changing inventory over time.

2.2. Optimal production of a commodity. A basic prob-
lem in economics is to minimize the costs associated with

the production of a given commodity on fixed time hori-
zon [0, 𝑇]. Let us represent 𝑧(𝑠) as the amount of commod-
ity stored in inventory at time 𝑠, which is driven by a vari-
able production rate 𝜉 ≥ 0; for simplicity, we assume there
is a constant demand rate 𝑑. That is,

̇𝑧(𝑠) = 𝜉(𝑠) − 𝑑 (4)

for 𝑠 ∈ (0, 𝑇). We seek to choose 𝜉 in order to minimize
the total cost

∫
𝑇

0
𝑧(𝑠)+ + 1

2𝜉(𝑠)
2𝑑𝑠

modeling the sum of specific types of holding and oper-
ational costs. Here 𝑤+ ∶= max{𝑤, 0}, and we’ll also use
𝑤− ∶= max{−𝑤, 0} below.

Considering this optimization problem for a given level
of commodity 𝑥 ∈ ℝ at time 𝑡 ∈ [0, 𝑇], we are led to the
function

𝑢(𝑥, 𝑡) = min
𝜉≥0

{∫
𝑇

𝑡
𝑧(𝑠)+ + 1

2𝜉(𝑠)
2𝑑𝑠 ∶ 𝑧(𝑡) = 𝑥} .

Here the minimum is taken over paths 𝑧 ∶ [𝑡, 𝑇] → ℝ
satisfying (4) for a nonnegative production rate 𝜉. It turns
out that 𝑢 can be interpreted as a solution of the PDE

−𝜕𝑡𝑢 +
1
2(𝜕𝑥𝑢

−)2 + 𝑑𝜕𝑥𝑢 − 𝑥+ = 0.

It would be interesting to know if we can find 𝑢 explicitly
and if it will tell us something about optimal production
rates 𝜉. Finally, we note that this optimization problem is
a particular case of Example 2.1 in section I.2 of [FS06].
2.3. Eradicating an infectious disease. There are many
optimization problems of interest in epidemiology. We
encounter one when considering the following differential
equations in a compartmental model:

{
̇𝑆(𝑡) = −𝛽𝑆(𝑡)𝐼(𝑡) − 𝑟(𝑡)𝑆(𝑡),
̇𝐼(𝑡) = 𝛽𝑆(𝑡)𝐼(𝑡) − 𝛾𝐼(𝑡)

(5)

(𝑡 > 0). Here 𝑆(𝑡) and 𝐼(𝑡) represent the respective sus-
ceptible and infected components of a population at time
𝑡 which is subject to an infectious disease, 𝛽 is the trans-
mission rate, 𝛾 is the recovery rate, and 𝑟(𝑡) represents a
vaccination rate at time 𝑡. As we have seen in the present
COVID-19 epidemic, there may be logistical constraints
in administering vaccines. As a result, we will suppose for
simplicity that

0 ≤ 𝑟(𝑡) ≤ 1
for all 𝑡 ≥ 0.

Let us fix 𝜇 ∈ (0, 𝐼(0)). Our goal is to choose a vaccina-
tion rate 𝑟 so that the time

𝜏𝑟 = min{𝑡 ≥ 0 ∶ 𝐼𝑟(𝑡) = 𝜇}
it takes for the infected population 𝐼𝑟 to drop down to the
given threshold 𝜇 is as small as possible. Here and below,
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Figure 5. Solution of the differential equations (5) with
𝑆(0) = 2, 𝐼(0) = 1, 𝛽 = 2, and 𝛾 = 2. The graph of 𝑆 is shown in
blue, and the graph of 𝐼 is shown in red. Here the vaccination
rate is 𝑟(𝑡) = 0 for 𝑡 ∈ [0, 2.5] and 𝑟(𝑡) = 1 for 𝑡 ∈ (2.5,∞).

we’ll write 𝑆𝑟 and 𝐼𝑟 for the solution of (5) with vaccina-
tion rate 𝑟. The time 𝜏𝑟 corresponding to a minimizing 𝑟
is called an eradication time.

This problem was considered by a group of math biol-
ogists [BBSG17], who showed that a minimizing vaccina-
tion rate is always of the form

𝑟∗(𝑡) = {0, 𝑡 ∈ [0, 𝑇],
1, 𝑡 ∈ (𝑇,∞),

for a switching time 𝑇 ≥ 0. While it seems intuitive that
𝑇 = 0 for an optimal vaccination rate, there are initial
conditions 𝑆(0), 𝐼(0) which correspond to positive switch-
ing times (Figure 2a of [BBSG17]). However, it is not
well understood how the quadrant of initial conditions
(𝑆(0), 𝐼(0)) ∈ (0,∞) × (𝜇,∞) is divided between points as-
sociated with immediate or delayed switching.

In recent work, we studied

𝑢(𝑥, 𝑦) = min
0≤𝑟≤1

{𝜏𝑟 ∶ 𝑆𝑟(0) = 𝑥, 𝐼𝑟(0) = 𝑦}

and characterized 𝑢 as a solution of the Hamilton-Jacobi
equation

𝛽𝑥𝑦𝜕𝑥𝑢 + 𝑥(𝜕𝑥𝑢)+ + (𝛾 − 𝛽𝑥)𝑦𝜕𝑦𝑢 = 1
for (𝑥, 𝑦) ∈ (0,∞)×(𝜇,∞) [HIP20]. It also turns out that 𝑢
solves another PDE which allowed us to give a new inter-
pretation of optimal vaccination rates.
2.4. Turbulent flame fronts. In combustion science, the
so-called 𝐺-equation

𝜕𝑡𝑢 + 𝑣𝜕𝑥𝑢 + 𝑤𝜕𝑦𝑢 = 𝑠√(𝜕𝑥𝑢)2 + (𝜕𝑦𝑢)2 (6)

is used to describe an evolving flame propagation front
within a planar region [Pet00]. In particular, the level set

Γ𝑡 ∶= {(𝑥, 𝑦) ∈ ℝ2 ∶ 𝑢(𝑥, 𝑦, 𝑡) = 0}

u < 0

u > 0

n

Γt

Figure 6. Schematic of the flame front Γ𝑡 determined by the
zero level set 𝑢(𝑥, 𝑦, 𝑡) = 0; note that 𝑛 is the outward unit
normal to Γ𝑡. This level set is time-dependent and will evolve
according to the 𝐺-equation (6).

models the front for times 𝑡 ≥ 0. Here 𝑣 = 𝑣(𝑥, 𝑦) and
𝑤 = 𝑤(𝑥, 𝑦) represent the respective 𝑥 and 𝑦 coordinates of
the “turbulent” velocity field 𝑉 of the flame; the parameter
𝑠 > 0 is the “laminar” flame speed.

The primary assumption used in the derivation of the𝐺-
equation is that the level set Γ𝑡 moves in direction 𝑛 with
speed

𝑉 ⋅ 𝑛 + 𝑠.
Here 𝑛 is the outward unit normal to Γ𝑡, which points in
the negative direction of the spatial gradient of 𝑢 provided
the burnt region corresponds to points for which 𝑢 is pos-
itive. A central goal of this mathematical model is to de-
scribe

lim
𝑡→∞

𝑢(𝑥, 𝑦, 𝑡)/𝑡,

which is interpreted as the large time flame front speed.
To this end, it has been exploited that the 𝐺-equation is a
Hamilton-Jacobi equation [NXY09].

In particular, we may represent a solution 𝑢 of (6) as

𝑢(𝑥, 𝑦, 𝑡) = max
𝛼,𝛽

𝑢0(𝛾(𝑡), 𝜁(𝑡)).

Here 𝑢0 is the function whose zero level set describes the
front at time 0 and 𝛾, 𝜁 ∶ [0, 𝑡] → ℝ satisfy

⎧
⎨
⎩

̇𝛾(𝜏) = −𝑣(𝛾(𝜏), 𝜁(𝜏)) + 𝛼(𝜏),
̇𝜁(𝜏) = −𝑤(𝛾(𝜏), 𝜁(𝜏)) + 𝛽(𝜏),
𝛾(0) = 𝑥, 𝜁(0) = 𝑦.

The “controls” 𝛼, 𝛽 are required to observe the constraint

𝛼(𝜏)2 + 𝛽(𝜏)2 ≤ 𝑠2

for 𝜏 ∈ [0, 𝑡]. Consequently, the 𝐺-equation is indeed a
PDE which can be identified as a Hamilton-Jacobi equa-
tion.
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3. Dynamic Programming
Let us now return tominimizing the action associated with
Newton’s second law that we considered in the introduc-
tion. As before, 𝐹 = −𝑉 ′, where 𝑉 is the potential energy.
We will consider paths whose right endpoint is fixed and
also assume that 𝑚 = 1 for convenience. As a result, our
problem is to minimize

∫
𝑡

0

1
2

̇𝜁(𝑠)2 − 𝑉(𝜁(𝑠))𝑑𝑠

among paths 𝜁 ∶ [0, 𝑡] → ℝ which satisfy the constraint

𝜁(𝑡) = 𝑥

for a given 𝑥 ∈ ℝ and 𝑡 ≥ 0.
To this end, we’ll define the value function

𝑢(𝑥, 𝑡) = min { 𝑔(𝜁(0))

+∫
𝑡

0

1
2

̇𝜁(𝑠)2 − 𝑉(𝜁(𝑠))𝑑𝑠 ∶ 𝜁(𝑡) = 𝑥}. (7)

Notice that we’ve included a function 𝑔 ∶ ℝ → ℝ into our
minimization problem. This is donewith a bit of foresight,
and we hope the reader will come to appreciate this addi-
tion. We also note that this definition of 𝑢(𝑥, 𝑡) should be
made with an infimum rather than a minimum, since we
have not verified the existence of a minimizing path. We
won’t lose much by this omission as it is fairly routine to
find conditions on 𝑔 and 𝑉 so that the minimization prob-
lem associated with 𝑢(𝑥, 𝑡) has a solution.
3.1. Deriving the Hamilton-Jacobi equation. A key in-
sight made by Bellman is that the values of 𝑢(⋅, 𝑠) deter-
mine 𝑢(𝑥, 𝑡) for 𝑠 < 𝑡 [Bel54]. Specifically, there is a rela-
tionship between the prior optimal values 𝑢(⋅, 𝑠) and the
current one 𝑢(𝑥, 𝑡). In general, this is called the dynamic
programming principle. For our particular problem, it takes
the form

𝑢(𝑥, 𝑡) = min {𝑢(𝜁(𝑠), 𝑠)

+∫
𝑡

𝑠

1
2

̇𝜁(𝜏)2 − 𝑉(𝜁(𝜏))𝑑𝜏 ∶ 𝜁(𝑡) = 𝑥} (8)

for 0 ≤ 𝑠 < 𝑡.
Since 𝜁(𝑡) = 𝑥 for any admissible path in (8), we can

rewrite the dynamic programming principle above as

0 = min {−𝑢(𝜁(𝑡), 𝑡) − 𝑢(𝜁(𝑠), 𝑠)
𝑡 − 𝑠

+ 1
𝑡 − 𝑠 ∫

𝑡

𝑠

1
2

̇𝜁(𝜏)2 − 𝑉(𝜁(𝜏))𝑑𝜏 ∶ 𝜁(𝑡) = 𝑥} .
(9)

Assuming that 𝑢 is differentiable at (𝑥, 𝑡) and that 𝑣 = ̇𝜁(𝑡)
exists, we also find

lim
𝑠→𝑡−

{−𝑢(𝜁(𝑡), 𝑡) − 𝑢(𝜁(𝑠), 𝑠)
𝑡 − 𝑠

+ 1
𝑡 − 𝑠 ∫

𝑡

𝑠

1
2

̇𝜁(𝜏)2 − 𝑉(𝜁(𝜏))𝑑𝜏}

= −𝜕𝑡𝑢(𝑥, 𝑡) − 𝑣𝜕𝑥𝑢(𝑥, 𝑡) +
1
2𝑣

2 − 𝑉(𝑥).

If we are allowed to interchange this limit and taking the
minimum in (9), then

0 = lim
𝑠→𝑡−

min {−𝑢(𝜁(𝑡), 𝑡) − 𝑢(𝜁(𝑠), 𝑠)
𝑡 − 𝑠

+ 1
𝑡 − 𝑠 ∫

𝑡

𝑠

1
2

̇𝜁(𝜏)2 − 𝑉(𝜁(𝜏))𝑑𝜏 ∶ 𝜁(𝑡) = 𝑥}

= min
𝑣∈ℝ

{−𝜕𝑡𝑢(𝑥, 𝑡) − 𝑣𝜕𝑥𝑢(𝑥, 𝑡) +
1
2𝑣

2 − 𝑉(𝑥)}

= −𝜕𝑡𝑢(𝑥, 𝑡) −
1
2(𝜕𝑥𝑢(𝑥, 𝑡))

2 − 𝑉(𝑥).

As a result, dynamic programming heuristically implies
the Hamilton-Jacobi equation (3).
3.2. Action-minimizing paths. It is also not hard to
check that if 𝜁 is an action-minimizing path in (7), 𝜁|[𝑠,𝑡]
is also a minimizer in (8) for any 0 ≤ 𝑠 < 𝑡. Making use
of this fact, we can apply the technique used to derive the
least action principle to (8) and show

̇𝛾(𝑠) = 𝜕𝑥𝑢(𝛾(𝑠), 𝑠), 𝑠 ∈ (0, 𝑡), (10)

for any action-minimizing path 𝛾. This conclusion as-
sumes differentiability of the value function along mini-
mizing trajectories. We also note that the necessary condi-
tion (10) is a part of a more general set of conditions due
to Pontryagin (as detailed in Chapter 1 of [FS06]).

In view of (7), we see that 𝑢(𝑥, 0) = 𝑔(𝑥). Therefore, 𝑢
is a candidate for a solution of the initial value problem

{
𝜕𝑡𝑢 +

1
2
(𝜕𝑥𝑢)2 + 𝑉(𝑥) = 0 in ℝ × (0,∞),

𝑢(𝑥, 0) = 𝑔(𝑥).
(11)

Alternatively, if 𝑤 is a continuously differentiable solution
of this initial value problem and 𝜁 ∶ [0, 𝑡] → ℝ is a path
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with 𝜁(𝑡) = 𝑥, then
𝑤(𝑥, 𝑡)
= 𝑤(𝜁(𝑡), 𝑡)

= 𝑤(𝜁(0), 0) +∫
𝑡

0

𝑑
𝑑𝑠𝑤(𝜁(𝑠), 𝑠)𝑑𝑠

= 𝑔(𝜁(0))

+∫
𝑡

0
(𝜕𝑡𝑤(𝜁(𝑠), 𝑠) + 𝜕𝑥𝑤(𝜁(𝑠), 𝑠) ̇𝜁(𝑠))𝑑𝑠

≤ 𝑔(𝜁(0))

+∫
𝑡

0
(𝜕𝑡𝑤(𝜁(𝑠), 𝑠) +

1
2𝜕𝑥𝑤(𝜁(𝑠), 𝑠)

2 + 1
2

̇𝜁(𝑠)2) 𝑑𝑠

= 𝑔(𝜁(0)) +∫
𝑡

0
(12

̇𝜁(𝑠)2 − 𝑉(𝜁(𝑠))) 𝑑𝑠.

Here we used the elementary inequality 𝑎𝑏 ≤ 1
2
(𝑎2 + 𝑏2).

As 𝜁 was arbitrary,

𝑤(𝑥, 𝑡) ≤ 𝑢(𝑥, 𝑡).
The computation above also shows that if an admissible
path 𝛾 satisfies ̇𝛾(𝑠) = 𝜕𝑥𝑤(𝛾(𝑠), 𝑠) for 𝑠 ∈ (0, 𝑡), then
𝑤(𝑥, 𝑡) = 𝑢(𝑥, 𝑡). It follows that (10) is a necessary and suf-
ficient condition for optimality when 𝑢 is a continuously
differentiable solution of the initial value problem (11). In
particular, if we know the value function, we can attempt
to design an action-minimizing path in (7) by solving (10)
subject to the endpoint constraint 𝛾(𝑡) = 𝑥.
3.3. Viscosity solutions. A question we have not ad-
dressed is: does 𝑢 actually solve the initial value problem
(11)? It turns out that the value function may not be every-
where differentiable even when 𝑔 and 𝑉 are continuously
differentiable. For example, if 𝑉 ≡ 0 and

𝑔(𝑥) = {
− 1
2
𝑥2, |𝑥| < 1,

1
2
− |𝑥|, |𝑥| ≥ 1,

(12)

then the corresponding value function

𝑢(𝑥, 𝑡) = {
− 1
2(1−𝑡)

𝑥2, |𝑥| < 1 − 𝑡,
1−𝑡
2
− |𝑥|, |𝑥| ≥ 1 − 𝑡,

is not differentiable at any point of the form (0, 𝑡) for 𝑡 ≥ 1.
Therefore, we cannot completely rely on our previous com-
putations. However, it was noted by Crandall and Lions
[CL83] that

𝜕𝑡𝜑(𝑥0, 𝑡0) +
1
2(𝜕𝑥𝜑(𝑥0, 𝑡0))

2 + 𝑉(𝑥0) ≤ 0, (13)

whenever 𝜑 ∶ ℝ × (0,∞) → ℝ is smooth and 𝑢 − 𝜑 has a
local maximum at (𝑥0, 𝑡0) in ℝ × (0,∞) and that

𝜕𝑡𝜑(𝑥0, 𝑡0) +
1
2(𝜕𝑥𝜑(𝑥0, 𝑡0))

2 + 𝑉(𝑥0) ≥ 0,
if instead 𝑢 − 𝜑 has a local minimum at (𝑥0, 𝑡0).

y

y = u(x, 1/2)

y = u(x, 1)y = u(x, 3/2)

y = u(x, 0)

Figure 7. Profiles 𝑦 = 𝑢(𝑥, 𝑡) of the value function
corresponding to 𝑉 ≡ 0 and 𝑔 defined in (12) for 𝑡 = 0, 1/2, 1,
and 3/2. For this example, the graph 𝑦 = 𝑢(𝑥, 𝑡) is continuously
differentiable for each 0 ≤ 𝑡 < 1 but not differentiable at 𝑥 = 0
for 𝑡 ≥ 1. This example illustrates that the value function may
not be differentiable even if 𝑔 and 𝑉 are.

(x0, t0)

u

ϕ

Figure 8. The value function 𝑢 being touched by a smooth
function 𝜑 from above at a point (𝑥0, 𝑡0). Note in particular,
that 𝑢 may not be differentiable at (𝑥0, 𝑡0). Nevertheless, the
inequality 𝜕𝑡𝜑(𝑥0, 𝑡0) +

1
2
(𝜕𝑥𝜑(𝑥0, 𝑡0))2 + 𝑉(𝑥0) ≤ 0 holds.

That is to say, if 𝑢 can be touched from above or be-
low by a smooth function 𝜑 at the point (𝑥0, 𝑡0), then an
inequality related to the Hamilton-Jacobi equation must
hold. It is also the case that if 𝑢 happens to be differen-
tiable at (𝑥0, 𝑡0), then it satisfies the Hamilton-Jacobi equa-
tion at (𝑥0, 𝑡0). Consequently, this notion of solution ex-
tends the “classical” notion of what it means for a func-
tion to be a solution. Any function satisfying both of these
touching conditions is called a viscosity solution for reasons
we’ll get to shortly.

We also mention that viscosity solutions as defined by
Crandall and Lions was preceded by virtually the same no-
tion Evans used to show existence of solutions to various
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(x0, t0)

u

ϕ

Figure 9. The value function 𝑢 being touched by a smooth
function 𝜑 from below at a point (𝑥0, 𝑡0). As 𝑢 is a viscosity
solution of the Hamilton-Jacobi equation (3) (with 𝑚 = 1), the
inequality 𝜕𝑡𝜑(𝑥0, 𝑡0) +

1
2
(𝜕𝑥𝜑(𝑥0, 𝑡0))2 + 𝑉(𝑥0) ≥ 0 must hold.

equations including Hamilton-Jacobi equations [Eva80].
The major contribution of Crandall and Lions was that
they verified this notion yields uniqueness of solutions
which are given by the very formula used to derive the
Hamilton-Jacobi equation. Moreover, viscosity solutions
have been used to properly interpret solutions of many
other nonlinear PDEs which admit some sort of “compar-
ison principle” [CIL92].

Both Crandall and Lions [CL83] and Evans [Eva80] cite
the vanishing viscosity method as the reason why they ar-
rived at viscosity solutions. This amounts to considering
the initial value problem

{𝜕𝑡𝑢
𝜖 + 1

2(𝜕𝑥𝑢
𝜖)2 + 𝑉(𝑥) = 𝜖𝜕2𝑥𝑢𝜖 in ℝ × (0,∞),

𝑢𝜖(𝑥, 0) = 𝑔(𝑥)
(14)

for an “artificial viscosity” 𝜖 > 0. The expectation is that 𝑢𝜖
is smooth in ℝ × (0,∞) and that

𝑢𝜖 → 𝑢
uniformly on bounded subsets of ℝ × [0,∞). In this case,
if 𝑢−𝜑 has a strict local maximum at (𝑥0, 𝑡0) ∈ ℝ× (0,∞),
then a simple analysis can be used to show that there is a
sequence of 𝜖 tending to 0 and local maximization points
(𝑥𝜖, 𝑡𝜖) for 𝑢𝜖−𝜑 such that (𝑥𝜖, 𝑡𝜖) → (𝑥0, 𝑡0). Consequently,

⎧⎪⎪
⎨
⎪⎪
⎩

𝜕𝑡𝑢𝜖(𝑥𝜖, 𝑡𝜖) = 𝜕𝑡𝜑(𝑥𝜖, 𝑡𝜖),

𝜕𝑥𝑢𝜖(𝑥𝜖, 𝑡𝜖) = 𝜕𝑥𝜑(𝑥𝜖, 𝑡𝜖),

𝜕2𝑥𝑢𝜖(𝑥𝜖, 𝑡𝜖) ≤ 𝜕2𝑥𝜑(𝑥𝜖, 𝑡𝜖),
and in view of (14),

𝜕𝑡𝜑(𝑥𝜖, 𝑡𝜖) +
1
2(𝜕𝑥𝜑(𝑥𝜖, 𝑡𝜖))

2 + 𝑉(𝑥𝜖) ≤ 𝜖𝜕2𝑥𝜑(𝑥𝜖, 𝑡𝜖).
Sending 𝜖 → 0 leads to (13).

m1

τ

Figure 10. Sticky particle trajectories 𝛾1, … , 𝛾6 determined by
(15) when there are no collisions and by the physics of
perfectly inelastic collisions otherwise. Right after the
collision between particles 3, 4, and 5 at time 𝜏, the slope of 𝛾5
satisfies (𝑚3+𝑚4+𝑚5) ̇𝛾5(𝜏+) = 𝑚3 ̇𝛾3(𝜏−)+𝑚4 ̇𝛾4(𝜏−)+𝑚5 ̇𝛾5(𝜏−).

4. Interacting Particles
Hamilton-Jacobi equations also arise in the study of in-
teracting particles. We will explore one such connection
by considering 𝑁 particles labeled 1, … , 𝑁 with respective
masses𝑚1, … ,𝑚𝑁 which move along the real line. We will
assume that these point masses interact pairwise and un-
dergo perfectly inelastic collisions when they collide. As
the particles will stick together upon collision, we will call
them a collection of sticky particles.

Let us denote 𝛾1, … , 𝛾𝑁 as the coordinates of the respec-
tive particles and suppose that the pairwise interaction is
governed by a symmetric potential function Φ. Specifi-
cally, we will presume that the force exerted on particle
𝑖 by particle 𝑗 is equal to

−𝑚𝑖𝑚𝑗Φ′(𝛾𝑖 − 𝛾𝑗).

As a result, the trajectories satisfy the Newton system

𝑚𝑖 ̈𝛾𝑖(𝑠) = −∑
𝑗≠𝑖

𝑚𝑖𝑚𝑗Φ′(𝛾𝑖(𝑠) − 𝛾𝑗(𝑠)) (15)

(𝑖 = 1, … , 𝑁) for times 𝑠 in between collisions.
Upon collision, particles stick together, so their corre-

sponding paths coincide thereafter. The slopes of these
trajectories are also determined by the physics of perfectly
inelastic collisions. For example, suppose that the parti-
cles with respective masses𝑚1, … ,𝑚𝑘 collide at time 𝜏. The
resulting particle has mass 𝑚1 +⋯+𝑚𝑘, and its instanta-
neous velocity 𝑣 satisfies

𝑚1 ̇𝛾1(𝜏−) +⋯+𝑚𝑘 ̇𝛾𝑘(𝜏−) = (𝑚1 +⋯+𝑚𝑘)𝑣.

That is, 𝑣 is the mass average of the colliding particles’ ve-
locities just prior to the collision. Observe that mass and
momentum are conserved through the collision.
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4.1. Pressureless-Euler equations. The sticky particle tra-
jectories described above can be used to design a solution
of the pressureless-Euler equations

{ 𝜕𝑠𝜌 + 𝜕𝑥(𝜌𝑣) = 0,
𝜕𝑠(𝜌𝑣) + 𝜕𝑥(𝜌𝑣2) = −𝜌(Φ′ ∗ 𝜌)

(16)

inℝ×(0,∞) [Hyn20,BGSW13]. Here 𝜌 represents themass
density of the particles and 𝑣 is the corresponding local ve-
locity function. In general, this PDE system describes an
evolving mass distribution in which particles interact pair-
wise according to potentialΦ and undergo perfectly inelas-
tic collisions when they collide. It reduces to sticky parti-
cle dynamics in the special case of finitely many evolving
point masses.

As the pressureless-Euler equations (16) are related to
the Newton system (15), it is natural to seek a least action
principle as discussed in the introduction. To this end, we
will restrict attention to solutions which have finite mass.
Since we expect that the total mass is conserved along the
flow, we may normalize it to unity. This basic observation
leads us to consider the space 𝒫2(ℝ) of Borel probability
measures 𝜇 on ℝ with finite second moment

∫
ℝ
𝑥2𝑑𝜇(𝑥) < ∞.

We recall that 𝒫2(ℝ) is a complete metric space when
endowed with the Wasserstein distance

𝑊2(𝜇, 𝜈) = min
𝜋

(∬
ℝ2
(𝑥 − 𝑦)2𝑑𝜋(𝑥, 𝑦))

1/2
.

Here the minimum is taken over Borel probability mea-
sures 𝜋 on ℝ2 whose first and second marginals are 𝜇 and
𝜈, respectively. At each 𝜇, 𝒫2(ℝ) also has a tangent space
Tan𝜇𝒫2(ℝ) consisting of all 𝑣 ∈ 𝐿2(𝜇) such that

∫
ℝ
𝑣(𝑥)2𝑑𝜇(𝑥) ≤ ∫

ℝ
𝑤(𝑥)2𝑑𝜇(𝑥)

whenever 𝑤 ∈ 𝐿2(𝜇) and

∫
ℝ
𝜙′(𝑥)𝑣(𝑥)𝑑𝜇(𝑥) = ∫

ℝ
𝜙′(𝑥)𝑤(𝑥)𝑑𝜇(𝑥)

for each smooth 𝜙 ∶ ℝ → ℝ which vanishes outside of a
bounded interval. We will see below why it makes sense
to identify this tangent space.

The action integral associated with the pressureless-
Euler equations is

𝒜𝑡(𝜎) ∶= ∫
𝑡

0
{∫

ℝ

1
2𝑤(𝑥, 𝑠)

2𝑑𝜎𝑠(𝑥)

−12∬ℝ2
Φ(𝑥 − 𝑦)𝑑𝜎𝑠(𝑥)𝑑𝜎𝑠(𝑦)} 𝑑𝑠.

Here 𝜎 ∶ [0, 𝑡] → 𝒫2(ℝ); 𝑠 ↦ 𝜎𝑠 is a path and 𝑤 ∶
ℝ × [0, 𝑡] → ℝ is a Borel function such that the continu-
ity equation

𝜕𝑠𝜎 + 𝜕𝑥(𝜎𝑤) = 0
holds onℝ×(0, 𝑡). For a given 𝜎, there can be many𝑤 such
that the above continuity equation holds. Among these,
there is a unique “tangent” velocity function 𝑤 with

𝑤(⋅, 𝑠) ∈ Tan𝜍𝑠𝒫2(ℝ)
and that has the smallest kinetic energy

1
2 ∫ℝ

𝑤(𝑥, 𝑠)2𝑑𝜎𝑠(𝑥)

for almost every 𝑠 ∈ [0, 𝑡] (section 8.3 of [AGS05]). As a
result, we always will associate this 𝑤 to 𝜎 in the definition
of 𝒜𝑡(𝜎).

It can be shown that if 𝜌 ∶ [0, 𝑡] → 𝒫2(ℝ) is a path such
that

𝒜𝑡(𝜌) ≤ 𝒜𝑡(𝜎)
for all paths 𝜎 ∶ [0, 𝑡] → 𝒫2(ℝ) with 𝜎𝑡 = 𝜇, then 𝜌
and its tangent velocity function 𝑣 form a solution pair
of the pressureless-Euler equations in ℝ × (0, 𝑡) (Theorem
3.9 of [GNT08]). That is, a least action principle for the
pressureless-Euler equations does indeed hold.
4.2. Hamilton-Jacobi equation in the space of proba-
bility measures. It is also natural to study the associated
value function

𝒰(𝜇, 𝑡) ∶= min{𝒢(𝜎0) + 𝒜𝑡(𝜎) ∶ 𝜎𝑡 = 𝜇}
for a given 𝜇 ∈ 𝒫2(ℝ), time 𝑡 ≥ 0, and function 𝒢 ∶
𝒫2(ℝ) → ℝ. Under reasonable assumptions on 𝒢 and Φ,
𝒰 satisfies a dynamic programming principle and is a type
of viscosity solution of the abstract Hamilton-Jacobi equa-
tion

0 = 𝜕𝑡𝒰(𝜇, 𝑡) +
1
2 ∫ℝ

𝜕𝜇𝒰(𝜇, 𝑡)2𝑑𝜇

+ 1
2∬ℝ2

Φ(𝑥 − 𝑦)𝑑𝜇(𝑥)𝑑𝜇(𝑦)
(17)

for (𝜇, 𝑡) ∈ 𝒫2(ℝ) × (0,∞) [GNT08, HK15]. Moreover, 𝒰
satisfies the initial condition

𝒰(𝜇, 0) = 𝒢(𝜇).
We say that 𝒱 is differentiable at 𝜇 if there is 𝜉 ∈

Tan𝜇𝒫2(ℝ) with the property that for each 𝜖 there is 𝛿 such
that if 𝑊2(𝜇, 𝜈) < 𝛿, then

|||𝒱(𝜈) − 𝒱(𝜇) −∬
ℝ2
𝜉(𝑥)(𝑦 − 𝑥)𝑑𝜋(𝑥, 𝑦)|||

𝑊2(𝜇, 𝜈)
< 𝜖

for all optimal 𝜋 for𝑊2(𝜇, 𝜈). In this case, it is not hard to
check that

𝜉 = 𝜕𝜇𝑉(𝜇)
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is uniquely determined as an 𝐿2(𝜇) function. The value
function 𝒰 is a type of viscosity solution of (17) which is
based on this notion of differentiability. And if𝒰 happens
to be differentiable, we can attempt to build an action-
minimizing trajectory 𝜌 for 𝒰(𝜇, 𝑡) by solving

𝜕𝑠𝜌 + 𝜕𝑥(𝜌𝑣) = 0

on ℝ×(0, 𝑡) subject to the endpoint constraint 𝜌𝑡 = 𝜇with

𝑣(⋅, 𝑠) = 𝜕𝜇𝒰(𝜌𝑠, 𝑠)

for 0 ≤ 𝑠 ≤ 𝑡. This would be the analog of condition (10).
Understanding solutions of the Hamilton-Jacobi equa-

tion (17) and its variants from an intrinsic point of view
is currently an active area of research with much room for
growth.

5. Game Theory
PDEs also play an important role in the theory of differen-
tial games [Isa65]. In this section, we will focus on nonco-
operative, differential games as they involve an interesting
system of Hamilton-Jacobi equations. To this end, we con-
sider𝑁 players labeled 𝑖 = 1, … , 𝑁, and for themoment, we
fix a time 𝑡 ∈ [0, 𝑇] and an 𝑁-tuple 𝑥 = (𝑥1, … , 𝑥𝑁) ∈ ℝ𝑁 .

We will assume that player 𝑖 has the cost functional

𝒥𝑖𝑡(𝜁) ∶= ∫
𝑇

𝑡

1
2

̇𝜁𝑖(𝑠)2𝑑𝑠 + 𝑔𝑖(𝜁(𝑇))

for 𝑖 = 1, … , 𝑁. Here
1
2
̇𝜁𝑖(𝑠)2 is player 𝑖’s running cost per

unit time and 𝑔𝑖 ∶ ℝ𝑁 → ℝ is player 𝑖’s terminal cost func-
tion. This player’s goal is to select a strategy 𝜁𝑖 ∶ [𝑡, 𝑇] → ℝ
with 𝜁𝑖(𝑡) = 𝑥𝑖 to make her cost as small as possible. We
have also written

𝜁 ∶= (𝜁1, … , 𝜁𝑁)

as the 𝑁-tuple of strategies of all 𝑁 players.
Notice that the 𝑖th player’s cost functional depends on

her own strategy 𝜁𝑖 and the strategies

𝜁1, … , 𝜁𝑖−1, 𝜁𝑖+1, … , 𝜁𝑁

of the other players. As in the theory pioneered by Nash,
we can try to find an 𝑁-tuple of paths 𝛾 = (𝛾1, … , 𝛾𝑁) such
that

𝒥𝑖𝑡(𝛾) ≤ 𝒥𝑖𝑡(𝜁𝑖; 𝛾−𝑖)
for 𝑖 = 1, … , 𝑁. Here

(𝜁𝑖; 𝛾−𝑖) ∶= (𝛾1, … , 𝛾𝑖−1, 𝜁𝑖, 𝛾𝑖+1, … , 𝛾𝑁).

Such an𝑁-tuple is called aNash equilibrium. Note in partic-
ular, that if the 𝑖th player unilaterally changes her strategy
from 𝛾𝑖, her cost can only increase.

T

x1

x2

x3

x4

x5 ζ5

ζ3
ζ4

ζ2

ζ1

Figure 11. A collection of strategies 𝜁 = (𝜁1, … , 𝜁5) for a 5-player,
noncooperative differential game on the horizon [𝑡, 𝑇]. The 𝑖th
player assumes a strategy 𝜁𝑖 ∶ [𝑡, 𝑇] → ℝ with 𝜁𝑖(𝑡) = 𝑥𝑖 in an
attempt to reduce her individual cost 𝒥𝑖(𝜁).

5.1. Nash system. It turns out that a closely related equi-
librium concept is associated with a system of PDEs much
in the same way that minimizing the action 𝒮𝑡 (2) is con-
nected to the Hamilton-Jacobi equation (3). The Nash sys-
tem is given by

−𝜕𝑡𝑢𝑖 +
1
2(𝜕𝑥𝑖𝑢𝑖)

2 +∑
𝑗≠𝑖

𝜕𝑥𝑗𝑢𝑗𝜕𝑥𝑗𝑢𝑖 = 0

for 𝑖 = 1, … , 𝑁, and it holds in ℝ𝑁 × (0, 𝑇). The unknowns
are 𝑁 functions

𝑢1, … , 𝑢𝑁 ∶ ℝ𝑁 × (0, 𝑇] → ℝ.
It is of interest to deduce whether or not a solution exists
for given terminal conditions. Of course, a resolution will
depend on what type of solution is being discussed.

Let us again fix a time 𝑡 ∈ [0, 𝑇] and 𝑥 ∈ ℝ𝑁 and for
the moment suppose that there is a continuously differen-
tiable solution set 𝑢1, … , 𝑢𝑁 which satisfies

𝑢𝑖(𝑦, 𝑇) = 𝑔𝑖(𝑦)
for 𝑖 = 1, … , 𝑁 and 𝑦 ∈ ℝ𝑁 . If in addition we can solve the
differential equations

{ ̇𝛾𝑖(𝑠) = −𝜕𝑥𝑖𝑢𝑖(𝛾(𝑠), 𝑠), 𝑠 ∈ (𝑡, 𝑇),
𝛾𝑖(𝑡) = 𝑥𝑖

(18)

for 𝑖 = 1, … , 𝑁, then 𝛾 = (𝛾1, … , 𝛾𝑁) is what is known as a
feedback Nash equilibrium. That is, it satisfies

𝒥𝑖𝑡(𝛾) ≤ 𝒥𝑖𝑡(𝜁𝑖; ̂𝛾−𝑖) (19)

for 𝑖 = 1, … , 𝑁 and any 𝑁-tuple 𝜁 = (𝜁1, … , 𝜁𝑁) with 𝜁(𝑡) =
𝑥. In this case,

𝑢𝑖(𝑥, 𝑡) = 𝒥𝑖𝑡(𝛾)
for 𝑖 = 1, … , 𝑁.
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Of course, we need to specify ̂𝛾−𝑖 in (19). For a given
𝑖 ∈ {1, … , 𝑁} and 𝜁𝑖 ∶ [𝑡, 𝑇] → ℝ,

̂𝛾−𝑖 ∶ [𝑡, 𝑇] → ℝ𝑁−1

is a path such that

{
̇̂𝛾𝑗(𝑠) = −𝜕𝑥𝑗𝑢𝑗(𝜁𝑖(𝑠); ̂𝛾−𝑖(𝑠), 𝑠), 𝑠 ∈ (𝑡, 𝑇),
̂𝛾𝑗(𝑡) = 𝑥𝑗

for all 𝑗 ≠ 𝑖. Consequently, we can interpret a feedback
Nash equilibrium 𝛾 as an 𝑁-tuple of strategies with the
property that if the 𝑖th coordinate function of the map

(𝑥, 𝑡) ↦ (−𝜕𝑥1𝑢1(𝑥, 𝑡), … , −𝜕𝑥𝑁𝑢𝑁(𝑥, 𝑡))

which drives the system of differential equations (18) is
changed, the cost of the 𝑖th player cannot decrease.

We acknowledge that this discussion is purely heuristic.
The existence of solutions to the Nash system for given ter-
minal values has yet to be established; unfortunately, we
do not know of an analog of viscosity solutions for this
system of equations. In particular, there is no known way
to interpret the cost functionals 𝒥1𝑡 , … , 𝒥𝑁𝑡 , evaluated along
appropriate feedback Nash equilibria, as a solution of the
Nash system.
5.2. The master equation. Something interesting occurs
if our noncooperative differential game has many players
and a certain symmetry. For illustrative purposes, we’ll as-
sume there is 𝒢 ∶ ℝ × 𝒫2(ℝ) → ℝ such that

𝑔𝑖(𝑥) = 𝒢(𝑥𝑖, 𝜌𝑖𝑁)

for 𝑖 = 1, … , 𝑁. We have written

𝜌𝑖𝑁 = 1
𝑁 − 1 ∑𝑗≠𝑖

𝛿𝑥𝑗

for the empirical distribution of all players except player 𝑖.
As 𝑁 → ∞, Lions established the approximation

𝑢𝑖(𝑥, 𝑡) ≈ 𝒰(𝑥𝑖, 𝜌𝑖𝑁 , 𝑡)

when various assumptions aremade (section 7 of [Car12]).
Here 𝒰 solves the master equation

0 = −𝜕𝑡𝒰(𝑥, 𝜇, 𝑡) +
1
2(𝜕𝑥𝒰(𝑥, 𝜇, 𝑡))

2

+∫
ℝ
𝜕𝑥𝒰(𝑦, 𝜇, 𝑡) [𝜕𝜇𝒰(𝑥, 𝜇, 𝑡)] (𝑦)𝑑𝜇(𝑦)

(20)

in ℝ × 𝒫2(ℝ) × (0, 𝑇) and satisfies the terminal condition

𝒰(𝑥, 𝜇, 𝑇) = 𝒢(𝑥, 𝜇). (21)

This formal computation has been made rigorous for re-
lated models in a multidimensional setting [CDLL19]
(with appropriate second derivative terms and with a com-
pact underlying space). The theory for these limits is called
mean field games [LL07].

The connection between the master equation and game
theory is as follows. Fix 𝑥 ∈ ℝ, 𝑡 ≥ 0, and 𝜇 ∈ 𝒫2(ℝ) and
set

ℐ𝑡(𝜉, 𝜎) ∶= ∫
𝑇

𝑡

1
2

̇𝜉(𝑠)2𝑑𝑠 + 𝒢(𝜉(𝑇), 𝜎𝑇).

Here 𝜉 ∶ [𝑡, 𝑇] → ℝ is a path with 𝜉(𝑡) = 𝑥, and 𝜎 ∶
[𝑡, 𝑇] → 𝒫2(ℝ) is a path with 𝜎𝑡 = 𝜇. The functional ℐ𝑡
represents the cost of a single, representative player assum-
ing a strategy 𝜉 on the interval [𝑡, 𝑇] while observing the
distribution 𝜎 of all other players.

Let us suppose that 𝒰 is a differentiable solution of the
master equation (20) which satisfies the terminal condi-
tion (21). If (𝛾, 𝜌) is a pair such that

⎧⎪⎪
⎨
⎪⎪
⎩

𝜕𝑠𝜌 − 𝜕𝑥(𝜌𝜕𝑥𝒰(⋅, 𝜌, 𝑠)) = 0 in ℝ × (𝑡, 𝑇),

̇𝛾(𝑠) = −𝜕𝑥𝒰(𝛾(𝑠), 𝜌𝑠, 𝑠), 𝑠 ∈ (𝑡, 𝑇),

𝛾(𝑡) = 𝑥, 𝜌𝑡 = 𝜇,

then

ℐ𝑡(𝛾, 𝜌) ≤ ℐ𝑡(𝜉, 𝜌)
for any path 𝜉 ∶ [𝑡, 𝑇] → ℝ with 𝜉(𝑡) = 𝑥. Moreover,

𝒰(𝑥, 𝜇, 𝑡) = ℐ𝑡(𝛾, 𝜌).

We call such a pair (𝛾, 𝜌) a mean field game equilibrium. In
particular, solutions of the master equation give us an ap-
proach to designing these equilibria.

Mean field games is presently a topic of great interest.
We also emphasize that we have only discussed one type
of mean field game problem. Optimistically, we anticipate
that there is still a lot to be done in terms of understanding
master equations in the various game-theoretic settings in
which they arise.

6. A Closing Remark
What we’ve discussed about Hamilton-Jacobi equations
is just a glimpse. We didn’t discuss Hamilton-Jacobi-
Bellman equations in stochastic optimal control, the the-
ory of scalar conservation laws, homogenization, weak
KAM theory, nonconvex Hamilton-Jacobi equations, nu-
merical methods, nor applications to machine learning.
Nevertheless, our wish is that this note illustrates some of
the breadth and beauty of this subject. In particular, we
hope that the ideas we have discussed continue to develop
and bring new understanding to the research frontiers
we mentioned and the many others involving Hamilton-
Jacobi equations.
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